The vibration control is an important area in the dynamic of structures that seeks to reduce the amplitude of structural responses in certain critical frequency ranges. Currently, the scientific development leads to the application of some actuators and sensors technologically superior comparing to the same features available on the market. For developing these advanced sensors and actuators, smart materials that can change their mechanical properties when subjected to certain thermomechanical loads can be employed. In this context, Shape memory alloys (SMAs) may be used for developing dynamic vibration dampers which are capable of acting on the system providing proper tuning of the excitation frequency and the natural frequency. This paper aims to analyze the behavior of the stiffness and damping of a SMA helical coil spring actuator coupled to a mechanical system of one degree of freedom (1 DOF) subjected to an unbalanced excitement force and a temperature control system. By analyzing the effect of these parameters on the structural response and considering the concept of complex stiffness, it can be possible to predict the system's behavior within certain acceptable ranges of vibration, already in the design phase.
Introduction
In the current stage of scientific and technological development, design of structures becomes increasingly complete and comprehensive to meet the diverse performance requirements. Among these requirements, we highlight the need for increasingly lighter and resilient structures, dynamic behavior to ensure stability and accuracy, and attenuation of vibrations to ensure the structural integrity and better comfort [1] .
Structural systems are constantly susceptible to excitations that can lead to mechanical vibrations. These vibrations are in most cases undesirable, because they can endanger the structural integrity of the system itself and, in some cases, the safety of users.
Recently, shape memory alloys (SMA) appear as potentially viable actuators for vibration control. The shape memory effect, superelasticity, and changes of mechanical properties with temperature allow the application of these smart materials in various fields of engineering [2] . However, the behavior of SMA is nonlinear, which makes its modeling and numerical simulation more complex, since the changes of parameters such as temperature and excitation frequency should be considered. This behavior requires further study to determine the intrinsic characteristics of SMA such as complex stiffness, which considers the energy dissipation per cycle and the frequency dependence that lead to variations of the structural damping.
The natural frequency depends on the mass and stiffness of a mechanical system and SMA has the capacity to alter the elastic modulus. Then, employing these smart materials, it is possible to change the stiffness of a mechanical system and consequently change resonance regions. Some studies indicate that this effect can attenuate the amplitude of vibrations in a critical frequency range for making the transition for resonance; it also allows changing the vibration modes of the structure [3] .
SMAs are naturally classified as metallic materials with high damping capacity, consequence of a hysteretic behavior related to phase transformations of the material [2, 3] .
Shock and Vibration
The damping factor of the system also changes with the change of stress or temperature of the SMA actuator. However, the influence of damping vibration levels and system response, due to a change in the SMA behavior, needs to be further investigated and understood [4] . In many cases, for vibration attenuation, SMAs are used in the form of helical coil springs [3, [5] [6] [7] [8] [9] [10] .
Very recently, Aguiar et al. [5] realized an experimental investigation of vibration reduction using SMA springs. The vibration analysis revealed that SMA elements introduce complex behaviors to the studied system and that different thermomechanical loadings are of concern showing the main aspects of the SMA dynamical response. The results establish that adaptability due to temperature variations is defined by a competition between stiffness and hysteretic behavior changes. In another recent work, Aguiar et al. [6, 7] studied specifically the modeling, simulation, and experimental analysis of SMA helical springs. Basically, it is assumed that a one-dimensional constitutive model to describe its thermomechanical shear behavior and, afterwards, helical springs are modeled by considering classical approach. Savi et al. [8] investigated the nonlinear dynamics of an adaptive tuned vibration absorber (ATVA) with a SMA element. The influence of the hysteretic behavior due to stress-induced phase transformation of the SMA is considered. The hysteretic behavior introduces complex characteristics to the system dynamics but also changes the absorber response allowing vibration reduction in different frequency ranges.
SMA springs were investigated by Rackza [9] on a structure of controllable-stiffness springs which might be utilized in vibration reduction systems, for example, in driver seats. Mirzaeifar et al. [10] studied analytically and numerically the pseudoelastic response of SMA helical springs under axial force. Analytical and numerical results are compared and it is shown that the solution based on the SMA curved bar torsion gives an accurate stress analysis in the cross section of the helical SMA spring in addition to the global load-deflection response. Toi et al. [11] proposed a finite element formulation for the analysis of superelastic behaviors of SMA helical spring considering the asymmetric tensile and compressive behavior and the torsional deformation. The developed program has applied to the superelastic, large deformation analysis of NiTi helical springs under tensile loading and unloading.
In this paper, the effects of stiffness and damping of a SMA helical spring actuator on the dynamic response of a mechanical system of one degree of freedom (1 DOF) subjected to free vibration and harmonic excitation from an unbalanced motor were studied. The main objective is to introduce the concept of complex stiffness in a mechanical system incorporating SMA, not explored in the aforementioned works.
Model of Unbalanced Rotating and Complex Stiffness
The studied mechanical system is excited harmonically through a motor with unbalanced rotating. This condition can be simplified and better understood from the model 
where , , and are, respectively, the unbalanced mass, imposed eccentricity, and excitation frequency. Solving (1), the frequency response for this condition is given by
where = / is the frequency ratio and = / is the damping factor of the system [12] . Considering Figure 1 and a harmonic motion of the type = , the force is given by the sequence of the following equations:
From (4), the concept of complex stiffness can be established as follows:
Here is called the loss factor and * is defined as complex stiffness of the SMA coil spring actuator.
Shock and Vibration 3
The imaginary part of the complex stiffness, , corresponds to the energy dissipated in the system, since the loss factor can be written as defined in the following equation:
The material loss factor can be determined by the equivalent viscous damping factor, eq , which can be obtained by the relation of the logarithmic decrement for slightly damped systems:
eq ≅ 2 .
From (9), the relation between the damping factor eq and the loss factor is ≅ 2 eq .
Thermomechanical Properties of the SMA Actuator

Elastic Modulus and Loss Factor of the SMA Material.
For the fabrication of the SMA coil spring, a NiTi wire with 2.02 mm in diameter supplied by Memory-Metalle (Germany) was employed. In order to eliminate some of the strain hardening of the supplied material, the NiTi SMA wire was annealed at 400 ∘ C for 30 minutes and cooled at room temperature. This heat treatment at a temperature lower than 650 ∘ C ensures a high elastic response of the manufactured NiTi spring, on the order of 40% of its undeformed length, even in the martensitic state. After this heat treatment, two specimens were removed to determine some thermomechanical properties of the SMA material.
The first sample with 1.5 mm in length and 0.0065 g was used to determine the phase transformation temperatures of the NiTi SMA wire by DSC (differential scanning calorimetry). The second sample with 31.2 mm in length and 0.663 g was used for two tests. In the first test, the sample was studied using a dynamic mechanical analyzer (DMA, model Q800, TA Instruments) at three different temperatures (30 ∘ C, 50 ∘ C, and 70 ∘ C) corresponding to regions with different crystalline phases (martensite, mixture, and austenite). These experiments were carried out in a single cantilever beam mode by applying a tip force with variable oscillating frequency (8 to 150 Hz) for a constant amplitude deflection of 5 m. The second experiment performed with the second sample was realized to verify the influence of the frequency on the stiffness (elastic modulus) and damping (Tan ) for a range of temperatures starting from 25 ∘ C to 100 ∘ C, for four different frequencies (1 Hz, 5 Hz, 10 Hz, and 12 Hz).
Mathematical Model for the Stiffness of the SMA Spring.
In this work, the simplified mathematical Ikuta model [13] was adapted to describe the behavior of the theoretical stiffness of the SMA spring as a function of temperature and simulate the experimental results. The following equations represent, respectively, the stiffness behavior of the SMA spring during heating and cooling:
where SMA− is stiffness of SMA spring during heating;
SMA− is stiffness of SMA spring during cooling; min is minimum stiffness of SMA spring;
max is maximum stiffness of SMA spring; is martensite start temperature;
is martensite final temperature;
is austenite starts temperature;
is austenite final temperature;
is spring temperature.
Damping Factor of the Mechanical
System. The equivalent damping factor eq was calculated from the free vibration response of the mechanical system with the SMA spring subject to an input impulse given by an impact hammer (PCB Piezotronics; model 086C03). From this excitement was possible to obtain the envelope curve of exponential nature that involves the signal and characterizes the decay of displacements with time. For this, the method of logarithmic decrement was employed, calculating the ratio between two chosen signal amplitudes. Previous studies [14, 15] show that the damping factor for SMA material is generally less than 0.1. In this case, the equation for calculating the damping factor by the method of logarithmic decrement can be simplified and used as defined by the following:
where is the number of cycles, 1 is the amplitude of the first cycle, and is the amplitude of cycle.
Forced Vibration Tests.
Several tests were performed with the mechanical system subjected to a harmonic excitation in order to compare the response of the system when the SMA spring is in the martensitic phase (25 ∘ C) and in the austenitic phase (70 ∘ C). The system was excited in frequency ranges corresponding to the two resonance frequencies (martensite and austenite phases). Analyzing the structural responses in the time and frequency domains for these conditions, it was possible to analyze the system behavior and to better understand how variations of parameters of the SMA actuator affect the dynamic response of this typical mechanical model. Figure 2 illustrates two typical frequency responses of the system with unbalanced rotating using physical parameters of the test bench. The blue curve represents the response with the SMA spring at 25 ∘ C (martensite phase), while the red curve represents the response with the SMA spring at 70 ∘ C (austenite phase). Two peaks corresponding to the natural frequencies and the influence of the stiffness and damping of the SMA spring on the dynamic behavior of the system can be verified. The heating process increases the stiffness of the NiTi SMA spring, causing an increase in frequency and reducing the damping (resulting in a peak of higher amplitude). 
Results and Discussion
Thermomechanical Characterization of the SMA Wire.
The phase transformation temperatures were determined using a DSC calorimeter (TA Instruments; model Q20). The experiment was performed with a heating and cooling rate of 5 ∘ C/min and a temperature range between 0 ∘ C and 100 ∘ C. Figure 3 shows the characteristic DSC peaks for the NiTi SMA wire employed to manufacture the SMA spring actuator.
The phase transformation temperatures obtained were = 56.7 ∘ C (martensite start) and = 24.9 ∘ C (martensite finish) during cooling and = 30.5 ∘ C (austenite start) and = 61.5 ∘ C (austenite finish) during heating. Comparing the two temperatures of the DSC peaks, it can be verified that this NiTi SMA wire presents a low thermal hysteresis, of the order of Δ = 8 ∘ C. In parallel, two analyses of the dynamic behavior of the NiTi SMA wire were performed using a commercial DMA analyzer (TA Instruments; model Q800) in order to verify the influence of the excitation frequency and temperature on the elastic modulus and loss factor of the material. The results of these DMA tests with variable frequency are shown in Figures  4 and 5 .
The increase of temperature in Figure 4 changes significantly the elastic modulus, which showed values of about 36 GPa (30 ∘ C), 41 GPa (50 ∘ C), and 55 GPa (70 ∘ C), taking as reference the frequency of 80 Hz. The behavior of elastic modulus as a function of frequency showed small variations, mainly for the martensitic (30 ∘ C) and austenitic (70 ∘ C) stable states, with a tendency to stabilize above 100 Hz.
The behavior of the loss factor was the inverse of the elastic modulus as pointed out in Figure 5 . As expected [14] , a reduction in the measured values with increasing temperature was verified. The damping in the austenitic phase a function of frequency with a tendency to increase linearly for frequencies higher than 100 Hz. Figures 6 and 7 show the characteristic curves for the NiTi SMA wire obtained with the DMA analyzer. The behavior of elastic modulus is not much affected by the frequency, being more dependent on the temperature. For example, in Figure 6 for martensitic state (30 ∘ C) the elastic modulus increases of about 3 GPa between 1 Hz and 12 Hz. However, a considerable increase is observed in the elastic modulus for all frequencies along the phase transformation during heating. This increase of elastic modulus with temperature indicates a corresponding increase in the stiffness of the SMA material, resulting in less energy dissipation at high temperatures by the structure. Figure 7 shows the behavior of the loss factor as a function of temperature and frequency. It is observed that the highest peaks of loss factor appear during the phase transformation for the lowest frequency (1 Hz). Higher excitation frequencies tend to inhibit the Tan peaks, so that for frequencies higher than 5 Hz peak values decrease rapidly. The variation of stiffness and damping observed in Figures 6 and 7 is related to the internal movements of martensite variants into the SMA material, with lower stiffness and high damping in the martensitic phase compared to austenitic phase [14, 15] .
Characterization of SMA Spring Stiffness.
In order to stabilize the phase transformation of the SMA spring manufactured from the NiTi wire, a thermal cycling procedure was performed for training the spring actuator, as shown in Figure 8 . In this procedure, 500 cycles of heating and cooling were performed in order to stabilize the behavior of shape memory effect of the SMA spring. In a training cycle, the NiTi SMA spring was heated to 80 ∘ C and then immediately cooled to 3 ∘ C, under a constant load (dead weight). For determining the SMA spring stiffness during heating and cooling, a universal testing machine (INSTRON 5582) equipped with a controlled heating chamber was used. For this one, the NiTi SMA spring was subjected to five cycles of compression loading and unloading, with 10 mm of maximum deflection in a temperature range between 25 ∘ C and 70 ∘ C in steps of 5 ∘ C. For this imposed displacement the NiTi SMA spring presents an elastic response in both phases, martensite (25 ∘ C) and austenite (70 ∘ C), without presenting residual deformation. Table 1 shows the experimental results of stiffness and the theoretical stiffness obtained with the adapted Ikuta models (11) and (12) . Figure 9 shows the stiffness behavior of the NiTi SMA spring as a function of temperature. It can be verified that the stiffness increased 1.37 times at the end of heating when compared with the initial value. For temperatures higher than 60 ∘ C the stiffness tends to stabilize, due to the fact that from this point the crystalline structure of the SMA spring is fully austenitic. Similarly, stabilization of stiffness can be obtained at temperatures below 25 ∘ C when the SMA gets fully martensitic.
Comparing Figures 6 and 9 a qualitative similar behavior is observed between the pure elastic modulus of the NiTi SMA and stiffness of the smart spring as a function of temperature.
Test Bench: Specifications and Control
System. The experimental set-up and fuzzy control system applied in this study was developed by Aquino [16] and subsequently used by Holanda [17] . This mass-spring system with 1 DOF is excited by an unbalanced motor assembled on an aluminum bar attached to the SMA spring. The mass is driven by two vertical rods assembled into a steel plate through two linear ball bearings. The rotational speed of the electrical motor was controlled with a frequency inverter that allows adjustment of the excitation in a range between 0 and 40 Hz, including the two regions of resonances. Figure 10 shows the test bench developed for the experimental analysis. Table 2 shows the specifications of the test bench showed in Figure 10 . The experimental test bench is composed by (1) SMA spring; (2) unbalanced motor; (3) minicooler; (4) electrical heating system for SMA spring (Joule effect); (5) accelerometer; (6) impact hammer; (7) LabVIEW Interface.
The block diagram for temperature control of the NiTi SMA spring is shown in Figure 11 . The controller aims to send information that will allow the activation of SMA actuator by changing its temperature. The heating of the SMA spring is realized in order to change the stiffness and consequently change the natural frequency causing the system to leave the resonance condition, leading to vibration reduction. The temperature control of the NiTi SMA spring is based on a fuzzy controller implemented in the LabVIEW software. The heating was done by Joule effect and the cooling was done by forced convection. The developed controller was not able to carry out a temperature sweep considering, for example, a sinusoidal temperature change. In this case, the user indicated the desired temperature and the controller is in charge of taking the system to that temperature and to keep it constant. Figure 12 shows the system actuation for temperature control of the NiTi SMA spring. A good performance of the temperature control can be observed, both for heating and cooling, with temperature stabilization of the SMA spring according to the reference temperature. Figures 13 and 14 show the exponential decay of the system with SMA spring in two selected conditions: 25 ∘ C and 70 ∘ C, respectively. The damping transfered to the system by the SMA spring is a function of temperature. For 25 ∘ C the damping factor ( eq ) measured was 0.0303, while for SMA spring at 70 ∘ C the obtained value was 0.0194. In the condition of Figure 13 the damping of the SMA spring is higher, and consequently the decay of the displacements is faster than that found in Figure 14 . For the stiffness test and using the same temperature range, the results shown in Figure 15 were obtained, with the values of the damping factor of the system of Table 3 .
Free Vibration Response.
By analyzing Figure 15 , it can be observed that the damping peaks appear during the phase transformation, between 40 ∘ C and 45 ∘ C. At these temperatures, the measured damping factors were 0.0327 and 0.0324, respectively. The minimum damping was verified at the austenitic phase (70 ∘ C), with the value of 0.0194. In the martensitic phase, the damping factor measured was 0.0303.
The qualitative behavior of the damping factor shown in Figure 15 is similar to the one of Tan for the SMA wire measured in the DMA, as pointed out in Figure 7 . The damping peak verified during phase transformation is observed mainly due to the transient character of this region, which is related to accommodation of austenite-martensite variants during thermally induced transformation.
Vibration Response with Temperature Control in the
Resonance Condition. In order to verify the reduction in the amplitude of resonance for the two conditions of SMA spring (martensite and austenite phases), the mechanical system was excited in the natural frequency and then the temperature control was activated, heating or cooling the SMA spring.
In the first test, the system was put in resonance with the SMA spring at 25 ∘ C (blue curve) and then heated to 70 ∘ C (red curve). Figure 15 shows the time response for that test condition. In the blue range of Figure 16 the maximum amplitude was 6 mm. After heating, the system got out of resonance with maximum amplitudes of 2.7 mm, corresponding to 55% of reduction in the displacement levels. These amplitudes are lower than 10 mm, which was the displacement imposed for SMA spring in elastic regime during the thermomechanical characterization of stiffness as a function of temperature (Table 1, Figure 9 ). In the second test, the system was put in resonance with the SMA spring at 70 ∘ C (red curve) and then cooled to 25 ∘ C (red curve). Figure 17 shows the time response for that test condition. In the blue range of Figure 17 the maximum amplitude was 12 mm. After heating, the system got out of resonance with maximum amplitudes of 5.7 mm, corresponding to 60% of reduction in the displacement levels. Typically, the linear region of a superelastic NiTi spring corresponds to about 40% of its undeformed length, as can be seen in the work of Aguiar et al. [7] . Then, as the amplitude of vibration did not exceed 35% of the undeformed spring length, it is estimated that there is no energy dissipation in the system due to a possible stress-induced phase transformation in the SMA spring. To make this hysteretic dissipation occurs it is necessary to achieve much higher strain levels in the SMA spring. Figure 18 shows the vibration levels measured when the system is put into resonance at three different temperatures. With increasing temperature and variation of damping of the system, the amplitudes change. The damping is higher in the martensitic phase, showing a slight peak in the region of phase transformation, and is minimal in the austenite phase, as pointed out in Figure 7 . These characteristics can be noted when considering the amplitude of vibrations at the resonance zones. Lower amplitudes are observed at 45 ∘ C, temperature where the maximum damping occurs. At 70 ∘ C, the amplitudes are higher than the ones measured previously due to the lower damping of the SMA spring in this temperature range (25 ∘ C to 45 ∘ C). These amplitude signals were collected separately, placing the system in resonance for each temperature examined. Table 4 allows verification of the validity of the relationship between the loss factor and the damping factor, = 2 eq . As this relationship is valid only when the system is in resonance, the loss factor (14) of the NiTi SMA spring was calculated from the simplification of (13), considering the ratio of frequency equal to 1 (in resonance condition). Consider
Shock and Vibration Table 4 . Therefore, it is possible to validate the relationship between the loss factor and the damping factor defined by (10) . In this case, errors smaller than 12% were verified.
Conclusions
This paper investigated the thermomechanical characterization of a shape memory alloy coil spring actuator, as well as its application as vibration attenuator in a mass-spring system with single degree of freedom. The main conclusions that can be outlined from the obtained results are the following:
(i) The elastic modulus of the NiTi SMA wire increases slightly with frequency. Furthermore, the modulus increases significantly during phase transformation, verifying the influence of a temperature increasing. At about of 60% of the elastic modulus increasing was observed when comparing the values of the martensitic phase with the austenitic phase.
(ii) By the DMA analysis it was observed that increasing the excitation frequency of the NiTi SMA wire leads to a decay of the damping capacity (Tan ), much due to decreased mobility in the crystalline structure.
(iii) The experimental SMA spring stiffness showed good agreement with the behavior estimated by the theoretical model proposed by Ikuta et al. [13] . The stiffness of the SMA spring at the austenitic phase (hot) became 1.37 times higher than in the martensitic phase (cool).
(iv) The damping factor of the system measured experimentally shows a maximum value at the martensitic region (cool) and a minimum at the austenitic phase (hot). The behavior of the damping is the opposite of the stiffness and each of these parameters interferes differently in the dynamic response of the mechanical system.
(v) The system showed distinct dynamic responses in the different temperatures studied. With the SMA spring at 25 ∘ C the natural frequency of the system was 10.8 Hz with maximum amplitudes levels of 6 mm. At this temperature the SMA spring presents smaller stiffness and higher damping when compared with the properties of the SMA spring at 70 ∘ C. In this last condition the resonance frequency shifted to 12.7 Hz and the maximum amplitude of displacement peaks reached 12 mm.
(vi) Analyzing the system responses in the time and frequency domains was possible to prove the validity of the relationship between the damping factor 2 eq and the loss factor . There is a good agreement between the theoretical formulation and experimental procedure employed.
